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A set S c V of a graph G = (V, E) 1s a total point cover (t.p.c.) if S is a point cover 
containing all isolates of G, if any. The number a;(G) is the minimum cardinality of a t.p.c. A 
t.p.c. S is a feast point cover (1.p.c.) if cu,((S)) c a,((&)) for any t.p.c. S,, where (S) is the 
subgraph induced by S. The least point covering number q(G) of G is the minimum cardinality 
of a 1.p.c. A dominating set D of G is a least dominating set (1.d.s.) if y(( D)) S ~((0~)) for 
any dominating set D, (y denotes domination number). The least domination number y,(G) of 
G is the minimum cardinality of a 1.d.s. If yt is the total domination number, we prove among 
other things: (i) y, c yt, and (ii) for a tree, y, < a,. 
Conjectures. For any graph G of order p 3 2, (1) y, < CY,, (2) y, s 3p/5, if G is connected. 
We consider graphs G = (V, E) which are finite, undirected, loopless and have 
no multiple lines. Any definitions not given here can be found in [4]. 
A set D c V is a dominating set if every point in V -D is adjacent to some 
point in D. The domination number y(G) of G is the minimum cardinality of a 
dominating set. For a survey of results on domination see [3, 61. 
A set S c V is a total point cover (t.p.c.) of G if S is a point cover containing all 
isolated points of G, if any. The total point covering number a,(G) of G is the 
minimum cardinality of a t.p.c. Clearly, the point covering number cu,(G) 6 
at(G) and equality holds if G has no isolates. 
For a set S c V, let (S) be the subgraph of G induced by S. 
A t.p.c. is a least point cover (1.p.c.) if (u,( (S)) 6 (u,((&)) for any t.p.c. Sr. 
The least point covering number a,(G) of G is the minimum cardinality of a 
1.p.c. 
The p-point covering number aP(G) of G is defined as follows: Let S be a 1.p.c. 
Then cur(G) = a,( (S)). 
A dominating set D is a least dominating set (1.d.s.) if 
Y((D)) c Y((DI)) 
for any dominating set D,. 
The least domination number y,(G) of G is the minimum cardinality of a 1.d.s. 
The d-domination number yd(G) of G is defined as follows: 
Ye = Y((D)) where D is a 1.d.s. 
An a,-set is a minimum t.p.c. and an a,-set is a minimum 1.p.c. Similarly we 
define a y-set and a y,-set. 
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Fig. 1. 
For Cg, y, = 3 while y = 2. 
In Fig. 1, {1,5,7,9} is a y-set, { 1,4,7,9} is a y,-set, { 1,3,5,7,9} is an q-set 
and { 1,3,5,6,7,9} is an q-set. Thus for G, y = yI = 4, cr, = 5, and cq = 6. 
For a real number r > 0, let [rl be the smallest integer not less than r. 
Proposition 1. Let P,, and C,, respectively denote a path and a cycle on n 2 3 
points. Then 
(i) aj(P,) = (n - 1) - [(n - 1)/41, 
(ii) cvp(Pn) = [(n - 1)/41, 
(iii) q(Cn) = IZ - [n/4] , 
(iv) (u,(G)= Ifd41, 
w ~0,) = Y,(C,) = IZ - 2 b/51, 
64 YdW = yd(G) = m/51. 
Proof. We prove only (i) and (v) by induction on It. First we make the following 
observations. Suppose G,, = P,, or C,. Then 
(4 a,(G,+J = a,(G,J + 1 when n = 0, 2 or 3 mod 4, 
= ai when n = 1 mod 4, 
and 
(B) y,(G,+i) = y,(G,J + 1 when n = 1,2, 3 or 4 mod 5, 
= Y,(GJ whenn=Omod5. 
(i) The result is true when n = 3. Suppose it is true for some n 2 3. If n = 0, 2 
or 3 mod 4, then by observation (A), 
o#n+l) = M?z) + 1 
= (n - 1) - [(n - 1)/4] + 1 (by inductive hypothesis) 
=Iz - m/41. 
If n = 1 mod 4. then 
q(Pn+*) = a,(P,) = (n - 1) - [(n - 1)/4] = n - [n/4]. 
The proof of (iii) is similar and we omit it. 
(v) The result is true when n = 3. Suppose it is true for some n 2 3. If 
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n = 1,2,3 or 4 mod 5, then by observation (B), 
Y,(G,+~) = Y,(‘%) + 1 
=n-2[n/51+1 
=(n+l)-2&2+1)/5]. 
If n=O mod5, 
u,(G,+,) = YI(GJ - 1 
=n-2[n/5] -l=(n+l)-2[(n+1)/5]. q 
Proposition 2. For any graph G 
(9 cu,s (Y,c cc,, 
(ii) yd =z y 6 yI. 
(1) 
(2) 
Proof. (i) Let S be a 1.p.c. Since V is a t.p.c. we have by the definition of (Ye, 
&r(G) = a,(@)) s et((V)) = a,(G). 
The other inequality follows since any 1.p.c. is a t.p.c. Likewise, (2) follows. Cl 
Proposition 3. For any graph G 
(i) y s at, 
(ii) yd c ap. 
(3) 
(4) 
Proof. (i) is true since any t.p.c. is a dominating set. 
(ii) Let D be a 1.d.s. and D1 be a 1.p.c. Then D1 is a dominating set and by (3), 
Yd = y((D)) c r((Dl)) c at( = a,,. •I 
Proposition 4. For any tree T, 
YI s myI. (5) 
Proof. By induction on the number of points p in T. The result holds when p = 2 
or 3. Suppose p a 3 and (5) holds for any tree with p - 1 points. Let T be a tree 
with p points. We consider two cases. 
Case 1. There exists a point u in T adjacent to at least two pendant points. 
Suppose u is a pendant point adjacent to U. Clearly, y,(T) = y,(T - v) and 
(Y,(T) = a,(T - v). Since y,(T - v) S a,(T - v) by hypothesis, (5) holds. 
Case 2. The exists no point u as in Case 1. Certainly there exists a pendant line 
uv with deg u = 1 and deg u = 2. It is easy to see that y,(T) s y,(T - u) + 1 and 
(Y,(T) = q(T - u) + 1, and (5) holds. 0 
We see from Proposition 1 that the inequality (5) holds for cycles. Also, it is 
verified for many other graphs and we are led to believe that it may be true in 
general. 
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Conjecture 1. For any graph G 
YI G @I. 
We now investigate the relationship of yI with total and connected domination 
numbers. 
The total domination number y,(G) of G is the minimum cardinality of a 
dominating set D such that (D ) has no isolates. (See [l, 21.) The connected 
domination number y,(G) of G is the minimum cardinality of a dominating set D 
such that (D) is connected (See [5,8].) 
Proposition 5. For any graph G without isolates 
YI s Yt- (6) 
Proof. Among the minimum total dominating sets of G, choose a set D such that 
y(( D)) is least. W e c aim that D is a 1.d.s. For, let D1 be any dominating set. If 1 
(0,) has no isolates, then D1 is a t.d.s. and hence Y(( D)) c y(( DI)), by our 
choice of D. On the other hand, suppose (DI) has k isolates, say ui, 
i=1,2,..., k. For each ui, let zli be a point in V - D1 adjacent to ui. (Note that 
the q’s may not all be distinct). Clearly, D2 = D, U {vl, u2, . . . , vk} is a t.d.s. 
and 
Y(@)) s Y(@‘z)) s r((Di>). 
This proves that D is a 1.d.s. Since IDJ = yt, (6) holds. 0 
For a p point graph G without isolates, Cockayne, Dowes and Hedetniemi [2] 
have shown that yt c 2p/3. Hence by (6), 
yI c 2~13 (7) 
We strongly feel that this bound can be improved. 
Conjecture 2. For a connected graph with p 3 2 points 
y1 s 3p IS. 
We observe that from Proposition 1, Conjecture 2 holds for paths and cycles. 
Also, it has been verified for many other graphs. In fact, the bound is suggested 
by the formula for y, in Proposition 1. 
Let A and 6 respectively denote the maximum and minimum degrees of a 
graph G of order p. We now relate y, with yc. 
If G is connected, then 
Yl s YV (8) 
For, (8) holds when p = 1 or A(G) =p - 1, p 32. If A(G) <p - 1, then 
yt c yc, and (8) follows from (6). 
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It is known that yc <p - A (see [5]). Hence, from (8), one can deduce 
Y,<P-A 
for any graph G. 
(9) 
Let (? be the complement of G and 7, = y,(c). Using (9), one can easily 
establish 
y,+ y,<p + 1. (10) 
If G is a tree with p 2 3 points, we note that j$ = 2, and if e is the number of 
pendant points of G, then yc =p - e (see [S]). With the help of (8), we see that 
for a tree 
y,+‘Y,~~-e++. (11) 
Let k(G) be the connectivity of G. Since k(G) < 6(G), using (9) we can 
deduce the following: 
Let y = yl or yE. If G is connected, then 
y cp -k(G). (12) 
Likewise, since yt up - A + 1 when G has no isolates (see [2]), one can deduce 
yt GP - k(G) (13) 
for a connected graph G # K,,. 
We now obtain a necessary and sufficient condition for y = y, = yc. 
Let Ed (Ed) be the maximum number of pendant lines in any spanning forest 
(tree) of G. 
Proposition 7. Zf G is connected, then: 
6) Y+&F=p (Nieminen [7]), 
(ii) yc + &T =p (Laskar and Hedetniemi [5]), 




(iv) y1 + &Tcp. (17) 
Clearly, (16) and (17) follow from (2), (8), (14) and (15). 
Corollary 7.1. For a connected graph G, y = yI = yC if, and only if, &F = Ed. 
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